Abstract. We study existence of spin structures on the based moduli space of SU (l)-instantons over S 4 and CP 2 , and on the unbased moduli space of SU (2)-instantons over S 4 .
Introduction
Let X be a closed oriented 4-manifold and let M l k (X) and M l k (X) denote the based and unbased moduli spaces of SU (l)-instantons over X with a charge k respectively. It is known that, for X = S 4 and CP 2 , M l k (X) is a complex manifold of complex dimension 2kl, although M l k (X) has singularities in general ( [8] , [7] ). Nevertheless M 2 k (S 4 ) is known to be a manifold of real dimension 8k − 3 ( [2] ).
To clarify the object we will deal with, we recall spin structures on manifolds. We say a manifold X is a spin manifold, or simply say spin, if the second Stiefel-Whitney class of the tangent bundle of X vanishes. If X is spin, we can characterize X, for example, as (see [14] ): If X is spin, then every orientable surface embedded in X has trivial normal bundle. Since M l k (S 4 ) is a hyperkähler manifold (see [13] ), M In §2 we prove Theorem A after recalling general facts on M l k (X). In §3 we give a technical lemma concerning the computation of certain characteristic classes. In §4 we prove Theorem B by employing the ADHM construction and making use of the results in the §3.
Proof of Theorem A
Before giving proofs, we recall general facts on the moduli space M l k (X). Addition of one instanton : There is a map
defined by Taubes [16] and, for X = S 4 and CP 2 , it extends to an open embedding
where U is an open ball in C 2l (see [13] ). The Atiyah-Jones theorem : There also is a map
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which satisfies the homotopy commutative diagram:
where Map * 0 (X, Y ) denotes the constant component of the space of based maps from X to Y . Concerning the map ϑ k , Atiyah and Jones [3] posed a conjecture, called the Atiyah-Jones conjecture, and Taubes [16] affirmatively solved the stable version of the Atiyah-Jones conjecture as follows. 
Proof of Theorem A. We first show that M l 1 (CP 2 ) is diffeomorphic to the total space of a certain vector bundle. Denote by V 2 (C l ) the Stiefel manifold of orthonormal 2-frames in C l . We let the group S 1 × S 1 act on V 2 (C l ) and C from the right by
we obtain that the complex line bundle 
(see, for example, Problem 16-E of [15] ), where c 1 (L) and c(L) denote the first Chern class and the total Chern class of a complex vector bundle L respectively. Then we have
for l > 2. For l = 2, by putting a = b, precisely the same computation as above can be done and we see that c 1 (T M 2 1 (CP 2 )) = 0. Thus we see that
is spin if and only if l is even.
Thirdly we deduce the problem of M l k (CP 2 ) for arbitrary k by (2.3).
In the case that l is odd, the open embedding (2.1) and the fact (2.
is not spin for any k.
We next consider the case that l is even. Note that
) be the maps induced from the natural inclusion SU (l) → SU (l + 1). Then it is easily seen that j l and j l induce monomorphisms on H 2 for l = 2 and isomorphisms on H 2 for l ≥ 2. Hence we obtain that (2.5)
For l = 2, (2.5) and the Atiyah-Jones theorem of Hurtubise and Milgram [11] show that
We consider the case that l ≥ 4. The matrix description of
given by Bryan and Sanders [7] shows that there is a principal bundle
where V s is the complement of a closed subvariety in a contractible complex affine variety V . By the result of Kirwan [13] , we can see that V − V s is of complex codimension ≥ 3 in V and of dimension > 0. By considering the dimension of M l k (CP 2 ), we can see that
in a similar way to the proof of Lemma 3.1 of [13] . Since V is contractible, we obtain that
Then we see that
Therefore (2.4) and (2.5) show that w 2 ( M l k (CP 2 )) = 0 for even l ≥ 4 and all k, and the proof is completed.
Technical lemma
In this section we prepare the technical lemma for the proof of Theorem B.
Then, by identifying H with R 4 , we get a representation
We shall compute ρ * (w 2 ), where w 2 is the universal second Stiefel-Whitney class and we denote the induced map BG k → BO(4k) from ρ by the same symbol ρ.
We first consider the case of even k and set k = 2n. Now we have the following commutative diagram of exact sequence of groups.
where we identify P Sp(1) with SO(3) and the vertical arrows are projections. This induces the homotopy commutative diagram:
and it is obvious that π *
Recall that the center of Spin(2t), denoted by C, is isomorphic to Z/4 if t is odd, Z/2 ⊕ Z/2 if t is even. Consider the Serre spectral sequence of the fibration
BSpin(2n) → BP SO(2n) → BC
which is induced from the exact sequence of groups
Then we obtain: Proposition 3.1.
Let J = 0 −1 1 0 and the subgroups
Then we have the following commutative diagram of groups.
where the horizontal arrows are inclusions and the vertical arrows are the projection. Hence we have the following homotopy commutative diagram.
Denote by t and t generators of H 1 (BV ; Z/2) and H 1 (BV ; Z/2) respectively. Then
where x ∈ H 2 (BSO(3); Z/2) which corresponds to x in Proposition 3.1. On the other hand, we can see that
n for the total Stiefel-Whitney class w = 1 + w 1 + · · · + w 8n ∈ H * (BO(8n); Z/2) and this implies that
Thus, in the case that n is odd, we get
Now we assume that n is even. Note that the cohomology class y in Lemma 3.1 can be chosen so that y ∈ Keri * 1 . Then we assume that y ∈ Keri *
By a quite similar procedure to showing (3.2), we can get, by using W , that
Therefore we obtain ρ * (w 2 ) = 0.
We next consider the case that k is odd and set k = 2n + 1. In this case G 2n+1 = Sp ( 
Proof of Theorem B
We first recall the ADHM construction of instantons, mainly in order to fix notation. ADHM construction : Denote by Mat k,k F and Sym k F the set of k × k matrices and of kdimensional symmetric matrices over a field F respectively. Let
We consider two constraints on U :
(1) Λ * Λ + B * B is a real matrix, where * means the transpose conjugate.
(2) Λ B − xE k has rank k for all x ∈ H.
Let V be the subset of U satisfying the constraint (1) and let V s be the subset of U satisfying the constraints both (1) and (2) which is open in V . We let the group
, [13] ). The ADHM construction of instantons asserts that there exist diffeomorphisms
We shall prove Theorem B by making use of the ADHM construction. Let G k be as in the previous section and let X k denote the quotient space V s /G k . Then we have a principal bundle
We also have a diffeomorphism and a covering space
The next proposition will be needed later.
We consider complex varieties:
for q ∈ O(k, C). Then it also acts on V and V s . Moreover, it acts freely on V s ( [8] , [16] ). Note that the function µ is the moment map of the action of O(k) ⊂ O(k, C) with respect to an appropriate symplectic structure of U . Since the action of O(k) is free on V s , the derivative of µ is non-degenerate on V s . It is easily seen that V − V s is a closed subvariety of V of complex codimension 2 and of dimension > 0. In a precisely similar way to the proof of Lemma 3.1 of [13], we can see that
Since V is contractible, we obtain that
The result of Donaldson [8] (see also [17] ) tells that the inclusion
Hence it induces a homotopy equivalence 
Proof. It is sufficient to show that
and we shall prove this.
where ∼ means identifying complex conjugate points. Then the general position argument shows that
Hence we have π 1 (X 2 ) = 0, π 2 (X 2 ) ∼ = Z and, by a homotopy exact sequence of (4.1), we obtain an exact sequence
Therefore, in the case that k = 2, the proof is completed by Proposition 4.1. For k ≥ 3, Theorem 2.2 implies that
Then a homotopy exact sequence of the principal bundle
gives an exact sequence
Therefore Lemma 4.1 is accomplished by Proposition 4.1.
By the proof of Lemma 4.1, we obtain: Corollary 4.1.
Remark 4.1. The fundamental group of M 2 k (S 4 ) was originally computed by Hurtubise [10] .
To prove Theorem B we prepare notation.
γ : We denote the Lie algebra of SO(k) by so(k) and let the group G k act on so(k) by the trivial action of Sp(1) and the adjoint action of SO(k). We denote by γ the associated vector bundle over BG k with respect to this action. 
Then φ is a G k -equivariant map by letting G k act on Her k H by the adjoint action of SO(k) and the trivial action of Sp (1) . It is known that the map
is the hyperkähler moment map of the action of O(k) (see [5] for details). Since the action of O(k) is free on W s ([8] , [13] ), the derivative of ψ is non-degenerate. Hence the map φ is transverse to Sym k R ⊂ Her k H and we obtain a G k -equivariant trivializatioñ
where we identify the normal bundle of Sym k R in Her k H with ⊕ 3 so(k). Therefore (1) is accomplished. where B * denotes the fundamental vector field generated by B ∈ g. Since B * · g = (Ad(g −1 )B) * for B ∈ g and g ∈ G, the proof is completed.
By Proposition, 4.2 we have
Note that the Lie algebra of G k is isomorphic to sp(1) ⊕ so(k). Then we have the commutative diagram:
Sp(1) × SO(k)
Ad Sp (1) ⊕Ad SO(k) / / sp(1) ⊕ so(k)
where Ad G denotes the adjoint action of a Lie group G. Therefore the proof is completed.
